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Abstract—Optical frequency combs, characterized by high
signal-to-noise ratio and fine time resolution, have made signifi-
cant contributions in the field of optical time-frequency transfer
towards long distance and high precision. In such a system, the
phase time information of the combs is hard to directly describe,
which set barriers to further improving the system performance
via theoretical analysis. In this work, we present a simplified
model of comb phase evolution in fiber, based on coherent
wave superposition, to quantitatively characterize the phase time
variation. The impact of OFC repetition frequency fluctuation,
carrier-envelope-offset fluctuation and dispersion terms during
propagation are analyzed respectively, and numerical simulations
can further simplify and visualize the calculations. Future opti-
mization is expected to involve self-phase modulation and other
nonlinear effects.

Index Terms—OFC, TFT, phase evolution, model

I. INTRODUCTION

In recent years, with the help of the high signal-to-noise
ratio (SNR) and short pulse width characteristics of the op-
tical frequency combs (OFCs), the OFC-based optical time-
frequency transfer (O-TFT) has made a large step towards
long distance and high precision [1]-[3], which is the persis-
tent obsession of this field. The frequency transfer distance
has reached 3000 km [4], and the time-interval-measurement
precision has arrived the femtosecond (fs, 1 fs = 107!°
s) level [5]. In the field of optical time-frequency transfer,
fractional frequency instability is the key indicator, which is
ultimately determined by the phase time fluctuation of the sig-
nals. Consequently, phase time is the element to be measured,
manipulated, and analyzed in the experiment. While the phase
time information of the OFCs is hard to be directly modeled
and calculated via solving the nonlinear Schrodinger (NLS)
equation (i.e., the common approach to the OFC propagation
problems) since it focuses on the envelope shape evolution of
the comb pulses [6].

In this work, a simplified model of OFC phase evolution is
presented based on coherent wave superposition, considering
the technical noise types and fiber dispersion, to quantitatively
characterize the phase-related parameters. This model enables
various analyses, including assessing the impact of carrier-
envelope-offset frequency and repetition frequency fluctuations
on the detected pulse phase, evaluating pulse shape variations

N-1
B(z,t—7) = Z By, exp

n=0

979-8-3503-5427-0/24/$31.00 ©2024 IEEE

{fj(wo + Nwrep) (t — 7) — j/(J - [6wo(t") + ndwrep(t')] dt’ +j,8z} .

98

induced by the fiber dispersion, as well as analyzing the
frequency-dispersion coupling terms. Numerical simulations

are also performed to visualize the impact from different
elements on the pulse shape and phase time.

II. MODEL ESTABLISHMENT & RESULTS

The simplified model of OFC phase evolution in the O-TFT
system is developed from the aspects of anti-Fourier transform
of the OFC’s spectrum,
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where B(w) is the spectrum of the OFC signal. In the tradi-
tional means to describe the OFC-propagation-in-fiber (i.e., the
NLS equation), the quasi-monochromatic wave approximation
and the slow-varying envelope approximation are considered

and the fast-oscillating term exp(—jwt) is separated with the
envelope amplitude

B(t) B(w) exp(—jwt)dw, (1)
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A(t) B(w)dw, (2)
whose evolution could be described by solving the NLS
equation.

In this work, the discrete-comb-teeth approximation in the

frequency domain is considered and (1) can be rewritten as

N-1
B(t) = Z By, exp[—j(wo + nwrep )], 3)

n=0

where B, is the amplitude of the n™ comb tooth, wy is the
angular frequency of the lowest-frequency comb tooth in the
spectrum, and wyp is the repetition angular frequency of the
OFC. It is worth noting that wy is determined by the carrier-
envelope-offset angular frequency wcgo by

“)
where M is a large integer that ensures wy in the optical
region.

Considering the OFC-induced noise and fiber dispersion in
the O-TFT system, (3) can be expanded to

wo = Wceo + ]\/jwrepy
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Fig. 1. Simulated pulse broadening versus experimentally acquired result.

In (5), 7 is the initial signal delay, dw;(¢) denote the
frequency fluctuation of wy and wy, respectively, 3 is the
mode-propagation constant, and z is the propagation distance.
Equation (5) is the simplified model of the OFC signal in
the O-TFT system, which would provide clear results and
conclusions in the specific experimental conditions below.

A. Direct photodetection of the OFC signal

In the field of O-TFT, evaluating and utilizing the frequency
signal both need to convert the optical signal into electrical
ones via photodetection. Considering the fact that the photode-
tection process detects the signal power and has a bandwidth
limit (BW), the detected comb signal can be denoted as
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is the repetition-frequency-fluctuation-induced phase time
variation. It is clearly shown in (6) that the phase time of
the OFC signal, which has the dimension of [s], is composed
of two terms, the initial signal delay 7 and the repetition-
frequency-related fluctuation. The wyp-related terms have no
contribution to the signal phase time.

This result is consistent with previous works that utilized
OFCs as the carrier of O-TFT. In the early-stage publications,
the CEO frequencies of the OFCs are manually stabilized. As
an example, in 2005, JILA (the Joint Institute for Laboratory
Astrophysics, NASA) realized the frequency transfer with the
instability of 9 x 1071 @ 1 s in a 7 km fiber link [7]. In the
late-stage works, the CEO frequencies of the OFCs are all free-
running, and it did not affect the steps of OFC-based O-TFT
towards longer distances and better stability. For instance, the
work of NPL (National Physical Laboratory) in 2010 realized
frequency transfer instability of 5 x 107 @ 1 s in a 50 km
fiber link [8].
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This simplified model gives a result and explanation about
the unnecessity of stabilization of the CEO frequency in the
short-distance frequency transfer experiments.

B. Photodetection of the transferred OFC signal

For longer transfer distances, e.g., over hundreds of kilo-
meters, the dispersion-induced effects cannot be ignored. The
photodetection result of (5), considering the propagation, is
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where the high-order fluctuation (§w?) terms are omitted. In
(8), BW is the bandwidth of the photodetector; term A stands
for the initial signal delay and the propagation-induced delay;
term B describes the pulse broadening caused by second-order
dispersion; term C is the repetition-frequency-related phase
time fluctuation; term D is the (;-dwr, coupling term; and
term E is the f2-0wqg coupling term. There are 3 new items
in comparison with the directly-detected result (6), which will
be further discussed below.

a) Term C: Pulse broadening: In (8), the pulse broad-
ening (term C) is reflected by the inconsistent phase time of
different frequency components (indicated by m and n),

m-4+n
2

The exact phase time is unable to be given, while the pulse
shape evolution can be clearly shown by the simulation result
using (5), see Fig. 1.
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In Fig. 1, the simulated result is obtained by setting N =
1000, which corresponds to a single wavelength division mul-
tiplexer (WDM) channel; B,, is a constant,which corresponds
to a rectangular spectrum; 7 = 0 and 52z = 0,32, 512 ps/nm,
respectively. The result is normalized. When Sz = 0, the
pulse shape matches a sinc function whose full-width-half-
maximum (FWHM) is approximately 20 ps, which is consis-
tent with the anti-Fourier transform of a rectangular function.
As the dispersion increases to 32 ps/nm, the pulse shape
gradually broadens. When [z = 512 ps/nm, the FWHM
reaches 400 ps, and the pulse shape broadens to a trapezium.
The experimentally acquired data is shown in the lower part
of Fig. 1, which is obtained with the help of the linear optical
sampling (LOS) technique [5]. The OFC signal is streched by

_ frp 100 MHz
 Afep  1kHz

times in the time domain, which can be easily detected and
acquired by a balanced photodetector and a oscilloscope, who
have the giga Hertz (GHz) level bandwidth and sampling rate.
The experimental and simulated results show well consistency
in both the pulse shape and the pulse width.

b) Term D: B1-0w,e, coupling: After being transferred
in fiber, the OFC repetition frequency fluctuation induces
additional phase noise by coupling with the fiber first-order
dispersion [term D in (8)],

—B120Wrep(t — T) [/ Wrep- (11)

The magnitude of this term could be estimated by comparing
it with (7),

a =10° (10)

LBy -bwrep =

Swrep(t)
C L Swep(t)dt
12)

where the first term zn/c is the signal propagation time in
fiber, and the second term has the order of 1 if dwyp is white
noise and has no drift. So only if the propagation time is far
larger than 1 s, can the xg, 5u,, term be a major contribution
compared t0 Tsy,,- It requires the total fiber length much
longer than 200,000 km, which has far not been achieved (the
longest OFC transfer distance is 3000 km [4]). Consequently,
the (1-0wrep coupling term is always a non-dominant source
of OFC phase time fluctuation.

¢) Term E: 32-dwq coupling: A major difference between
the transferred and non-transferred OFC signal is the term E
in (8), which reflects the phase time fluctuation brought by
dwg. In the non-transferred situation, the dwy has no impact
on the photodetected signal phase time (Sec. II-A), while in
the transferred situation, dwy couples with the fiber second-
order dispersion and brings the term E in (8),

= —5226w0(t — T).

To clearly show the phase time variation brought by the S3-dwg
coupling, another simulation is performed (Fig. 2). It shows a
0.1 ps phase time difference originate from a dwg = 27 x50
MHz difference, when the OFC signal is transferred through

LB -6wiep o ﬁlzawfep/(t)wref’ _zxn
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Fig. 2. Simulated B2-dwp-coupling-induced phase time variation. The red
and blue signal have a wq difference of 27 x50 MHz, and they are simulated
to be transferred through a 100 km comercial fiber.

a 100 km comercial fiber. The pulse proadening is serious and
only part of the pulse is exhibited.

It is worth noting, in real long-distance OFC transfer
experiments, distributed dispersion compensation is generally
utilized to compensate the pulse broadening. Meanwhile, the
Ba2-6wp coupling term can also be compensated and does
not have any influence on the phase time. However, under
certain conditions where the dispersion cannot be accurately
compensated, the influence raised by the coupling term still
needs to be evaluated.

III. CONCLUSION AND DISCUSSION

In this work, we demonstrate a simplified signal model that
can directly describe the phase evolution of OFC signals in a
O-TFT system. Based on this model, some results that have
reference value are produced, e.g. the unnecessity of locking
fceo in a OFC-based O-TFT experiment, and the phase nosie
source in such a system. To further optimize the signal model,
the non-linearities and higher-order dispersion would be the
next steps, which might provdide more accurate description
of the phase noise and pulse evolution.
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